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We illustrate the application of a graph reduction method developed recently to analyze complex energy-integrated pro-
cess networks. The method uses information on the energy flow structure of the network and the orders of magnitude of
the different energy flows to generate, automatically, information on the time scales where the process units evolve,
canonical forms of the reduced models in each time scale, and controlled variables and potential manipulated inputs
available in each time scale. Representative examples of reactor-heat exchanger and distillation column networks are
considered to illustrate the method and develop insights on effective control strategies for these processes. VC 2014
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Introduction

High energy efficiency has become a critical need in mod-
ern chemical plants. Energy integration has been an active
topic of research,1,2 as it enables reduction in external utility
consumption and, thus, provides cost benefits. It involves
coupling of heating and cooling requirements of a plant to
transfer energy from an energy source to an energy sink.
However, energy-integrated chemical plants are difficult to
operate and control, especially in the context of transitions
between different operating points. Several analysis and con-
trol approaches have been recently proposed for such process
networks. These include passivity/dissipativity-based meth-
ods,3–5 distributed control,6,7 quasi-decentralized control,8,9

plantwide control,10,11 and hierarchical control.12,13

In previous work,12,14 we have identified two prototype
energy-integrated networks, those with large energy recycle
compared to the external energy flows, and those with large
energy throughput. The disparate magnitudes of energy flows
in such networks were shown to be at the origin of a two-
time scale behavior and a segregation of flows that can be
used as manipulated inputs in the different time scales.
Exploiting these features, we developed model reduction
methods using singular perturbations and a hierarchical con-
trol strategy wherein different control objectives are
addressed in different time scales.

In practice, complex energy-integrated chemical plants
consist of combinations of energy recycle and energy
throughput networks, often with large energy flows, thus
showing the potential of multi-time scale energy dynamics.15

A detailed mathematical analysis through successive applica-
tion of singular perturbations can, in principle, be used to
analyze such networks. However, such an analysis becomes
cumbersome as the size of the network increases. To this
end, we have proposed a generic and scalable graph-
theoretic framework which can be used to analyze such net-
works.16,17 The developed framework relies on knowledge of
the energy flow structure in the network and the orders of
magnitude of the different energy flows to generate informa-
tion on (1) the time scales where each unit evolves, (2) the
form of the reduced order models in each time scale, and (3)
controlled outputs and potential manipulated inputs available
in each time scale. Such information allows us to develop a
hierarchical control strategy for such networks.

In the present work, we consider two different classes of
such networks which are common in process systems:
reactor-heat exchanger networks and energy-integrated
distillation column networks. For representative cases of
such networks, we illustrate the application of the graph
reduction method, compare it with the analytical, singular
perturbations-based reduction, and identify and discuss
insights on the dynamic structure of such networks that
affect their control.

Graph Reduction for Complex Energy-Integrated
Networks

In this section, we describe briefly the main features of
the developed graph reduction framework (for details see the
Refs. 16, 17).

The energy dynamics of a generic complex energy-
integrated network, which consists of N units and energy
flows, hi, spanning m orders of magnitude, can be described
by the following equations
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dH

dt
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Xm21
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ei
FigiðH;uiÞ (1)

where the energy flows of different orders of magnitude are
indexed by i. ei are small parameters, which are defined as
ratios of nominal steady state flows (ei5h0;s=hi;s), such that
ei � 1 and ei11=ei � 1. In the subsequent analyses, we
assume e0 to be equal to 1. H is the vector of enthalpy of
the N process units, gi are vectors with contributions from
the energy flows of Oð1=eiÞ, and Fi are the corresponding
selector matrices such that Fiðj; kÞ51 if the energy balance
equation of the unit k includes the j-th element of gi and 0
otherwise. ui represent scaled energy flows that can be used
as manipulated variables.

Note that Eq. 1 is a singularly perturbed system with mul-
tiple small parameters. Model reduction can be performed
sequentially by considering each time scale si5t=ei (starting
from the fastest) and setting the small parameter ei to 0, to
obtain reduced models of the slow and fast dynamics in this
time scale. For each time scale si, the description of the
dynamics can be obtained in the limit ei ! 0 as

dHi

dsi
5ðFT

i FiÞĝiðHiuiÞ

where Hi5FT
i H represent the unit enthalpies evolving in the

time scale si, and ĝi represents the correspondingly adjusted
vector. Quasi-steady state constraints for the time scale si

can be identified as ĝiðHi; uiÞ50. Differentiating these con-
straints with respect to time, we obtain

05
@ĝi

@t
5
@ĝi

@Hi

dHi

dt

If the constraints are linearly independent, the matrix @ĝi=@
Hi is nonsingular, and we get dHi=dt50. This implies that the
enthalpies Hi evolve only in the time scale si and not in slower
ones. If the constraints are linearly dependent, the matrix @ĝi=@
Hi becomes singular, and the i-th time scale dynamics of Hi are
accompanied by a slower evolution in subsequent time scales.
The model of the slower dynamics in this case is an index two
differential algebraic equation (DAE) system with the dynamic
equations being the differential equations, the quasi-steady
state constraints being the algebraic equations, and the limiting
terms lim ei!0 ~gi=ei being the algebraic variables, where ~gi rep-
resents the linearly independent subset of the quasi-steady state
constraints. Large throughputs, splitting, and mixing structures
give rise to linearly independent constraints,14 whereas large
recycles give rise to linearly dependent constraints.12

The above reduction can be performed in a graph-theoretic
framework. The energy flow structures of complex energy-
integrated process networks can be represented as energy flow
graphs with nodes corresponding to the individual units of the
networks, and directed and weighted edges corresponding to
the energy flows. In this setting, energy recycles and through-
puts are energy flow cycles and energy flow paths, respectively.
Energy flows with different orders of magnitude can be distin-
guished by using lines of different thickness (corresponding to
different edge weights) in such graphs. Also, we use nodes with
solid borders to represent normal nodes (i.e., nodes for the pro-
cess units), and nodes with dashed borders to represent auxil-
iary nodes (i.e., nodes for external energy sources/sinks).

Figure 1a shows an energy flow graph for a large recycle
network. Such networks can be equivalently represented as a
single composite node R. Figure 1b shows an energy flow

graph of a network with large energy throughput. The units in
such networks can be clustered to form a single composite
node T. Such clustering reduces the complexity in the repre-
sentation of the networks and facilitates graph reduction. In
the following sections, networks with large energy recycle
and networks with large energy throughput will be referred to
as prototype recycle and prototype throughput, respectively.

The algorithm for the graph-theoretic analysis is included
in Appendix (adopted from the Ref. 17). The algorithm has
been implemented as a computational tool written in C11

to automate this graph reduction analysis and has been used
in all examples studied herein. In what follows, we briefly
describe the graph reduction and analysis method and its
implementation through the algorithm.

Complex networks comprise of combinations of energy
recycles and throughputs, some of which are prototype. The
developed graph reduction method begins with a user speci-
fied classification of the energy flows in classes of distinct
orders of magnitude, W. Starting with the largest flows which
correspond to the fastest dynamics, and proceeding to all sub-
sequent classes of flows, it first extracts a subgraph, using the
subroutine InducedSubgraph, corresponding to each time
scale. It thus identifies the units evolving in each time scale
(those with nodes in that subgraph) and proceeds to identify
prototype patterns, using the subroutine SmallestElementary-
Cycle, and simplify them through clustering using the subrou-
tine GraphReduce. Throughput blocks are removed from the
original energy flow graph, before proceeding to the subse-
quent time scales, as the energy dynamics of all the units of
prototype throughputs evolve in a single time scale.

Next, it constructs the canonical forms of the original full
order dynamic model as well as the reduced order dynamic
models for the energy balance variables (enthalpies) in each
time scale. The energy balance equations for the full order
model (or the reduced models) are derived based on the con-
nectivity information of the energy flow graph (or subgraph)
using the subroutine Ebalance. For the reduced model, the
method also predicts the linear independency of the quasi-
steady state constraints from the existence of auxiliary nodes
connected to individual composite nodes. Specifically, if
there exists no auxiliary node connected to a composite node
in a subgraph, the quasi-steady state constraints resulting
from the corresponding dynamic model of that composite
node are linearly dependent. In this case, the composite node
is added to the set PureRecycles and the corresponding time
scale is added to the set RecycleTimes. For a specific time
scale, Constraint represents the linearly independent con-
straints obtained from the previous time scale, and DAE rep-
resents the contribution of the previous time scale dynamics
to the current time scale dynamics.

Figure 1. Composite units for prototype networks.
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Finally, the method classifies the control objectives and the
manipulated inputs available in each time scale. Specifically,
the enthalpy of any node in a subgraph can be controlled in the
corresponding time scale using any edge in the same subgraph
as the manipulated input. Note that if a composite node does
not have any auxiliary node connected to it (i.e., a prototype
recycle composite node), one cannot simultaneously control
the enthalpies of all the units, comprising that composite node,
as the dynamic equations in this case are linearly dependent.
Thus, all but one of the units for such a composite node can be
controlled in the corresponding time scale, and the remaining
unit can be controlled in the subsequent time scale.

To present the results obtained from the graph-theoretic
analysis, we use the following notations:

1. si: The i-th time scale defined by t=ei, where ei is a
small parameter.

2. G: The original energy flow graph of the network.
3. Hi: The subgraph of G corresponding to the time scale

si. It contains all and only the energy flows of the order of
magnitude i.

4. T ðsiÞ: The set of nodes whose enthalpy evoles in the
time scale si.

5. YðsiÞ: The set of nodes whose enthalpy can be
controlled in the time scale si.

6. UðsiÞ: The set of edges which can be used as a
manipulated input in the time scale si.

In what follows, we analyze relevant example chemical
process networks using this graph-theoretic framework.

Energy-Integrated Reactor-Heat Exchanger
Networks

For processes with high temperature reactions, there are
opportunities for energy integration as the outlet stream of
the reactor, which is at high temperature, can be used to pro-
vide energy to other process streams; such integration can be
achieved through heat exchangers, thus forming reactor-heat
exchanger networks. In what follows, we analyze two typical
examples of such networks.

Toluene hydrodealkylation process

Process Description. Let us consider a design alternative
(alternative 1) of the toluene hydrodealkylation (HDA)
process proposed by Terrill and Douglas18 as shown in
Figure 2. In this process, the reactant mixture is preheated in
a feed-effluent heat exchanger (FEHE), where the mixture is
completely vaporized, and is further heated using a furnace.
It is then fed to an adiabatic plug-flow reactor where the fol-
lowing reactions occur

C6H5CH 31H2 ! C6H61CH 4 Reaction 1

2C6H6�ðC6H5Þ2 Reaction 2

where benzene, which is the main product of the process, is
produced through an irreversible exothermic reaction
(DH15241:826 kJ/mol). The reactor effluent is cooled using
the FEHE and the cooler, and is fed to the separator. A majority
of the vapor outlet of the separator is compressed, and fed back
to the reactor, while the residual vapor stream is purged. The
liquid outlet of the separator goes through a series of distillation
columns. In the stabilizer column, hydrogen and methane gas
are removed from the liquid stream. In the product column,
benzene product is produced as the distillate. Diphenyl is the
bottoms of the recycle column, and the distillate of the recycle
column, which is the unreacted toluene, is recycled.

We first perform the detailed mathematical analysis using
singular perturbations as the model reduction tool. Then, the
graph-theoretic analysis is applied, and the results are com-
pared. Finally, via numerical simulations, the energy dynam-
ics of the process is investigated to confirm the analysis
results.

Detailed Analysis. In this analysis, we focus on the reaction
part of the process, where we observe the following features, which
give rise to a potential of multi-time scale energy dynamics:

1. The reactant mixture is completely vaporized in the
FEHE, indicating that a large amount of energy is recovered
through the FEHE.

2. There is a large material recycle fed back to the reactor.

Remark 1. Note that the separation part of the network,
which consists of three distillation columns, is not included in
the analysis. The reason is that the energy integration in that
part is dominated by large energy throughputs, which do not
lead to time scale multiplicity in the energy dynamics. More
detailed justification and examples of energy-integrated distil-
lation column networks that lead to time scale multiplicity in
the energy dynamics can be found in the subsequent section.

The governing equations of the energy dynamics of the
network can be written as follows

dTm

dt
5

RðTcp2TmÞ
Vm

1
Ftf ðTtf 2TmÞ

Vm
1

Fhf ðThf 2TmÞ
Vm

1
FtrðTtr2TmÞ

Vm

dTc

dt
5

FðTm2TcÞ
Vc

1
Qrec

qCpVc

dTf

dt
5

FðTc2Tf Þ
Vf

1
Qf

qCpVf

dTr

dt
5

FðTf 2TrÞ
Vr

2
DH � r
qCp

dTh

dt
5

FðTr2ThÞ
Vh

2
Qrec

qCpVh

dTcl

dt
5

FðTh2TclÞ
Vcl

2
Qcl

qCpVcl

dTsp

dt
5

RðTcl2TspÞ
Vsp

1
FPðTcl2TspÞ

Vsp
1

FlðTcl2TspÞ
Vsp

dTcp

dt
5

RðTsp2TcpÞ
Vcp

1
W

qCpVcp

(2)

Figure 2. Toluene hydrodealkylation process.
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with

F5R1Ftf 1Fhf 1Ftr

Qrec 5UA
ðTr2TcÞ2ðTh2TmÞ

ln ðTr2TcÞ=ðTh2TmÞ½ �

where the subscripts m, c, f, r, h, cl, sp and cp are used to repre-
sent the mixer, the cold channel of the FEHE, the furnace, the
reactor, the hot channel of the FEHE, the cooler, the separator,
and the compressor, respectively. Also, subscripts tf, hf and tr are
used for the toluene feed stream, the hydrogen feed stream and
the toluene recycle stream, respectively. V is the volume of the
unit, and Q is the duty. F is the volumetric flow rate, and R is the
volumetric flow rate of the gas recycle. W is the power input to
the compressor. U represents the overall heat-transfer coefficient
and A is the heat-transfer area. DH5½DH1;DH2�T is the vector of
the heats of reaction and r5½r1; r2�T is the vector of the reaction
rates, where the subscripts 1 and 2 correspond to the reaction 1
and reaction 2, respectively.

The energy representation of the reaction part of the net-
work is shown in Figure 3. The orders of magnitude of the
energy flows are determined based on the sensible heat con-
tent of the flows as shown in Table 1. e1 and e2 are small
parameters (e2 � e1 � 1), which are the ratios of the energy
input through the toluene feed stream ðd1aÞ to the rate of
energy recycle through the gas recycle ðh8Þ and the rate of
energy transferred inside the FEHE ðh5bÞ, respectively, that is

e15
½Ftf qCpðTtf 2Tref Þ�s
½RqCpðTcp2Tref Þ�s

e25
½Ftf qCpðTtf 2Tref Þ�s

Qrec;s

where Tref is a reference temperature, and subscript s repre-
sents a steady state value.

We define the Oð1Þ steady state ratios

khf 5
½Fhf qCpðThf 2Tref Þ�s
½Ftf qCpðTtf 2Tref Þ�s

ktr5
½FtrqCpðTtr2Tref Þ�s
½Ftf qCpðTtf 2Tref Þ�s

kqf 5
Qf ;s

½Ftf qCpðTtf 2Tref Þ�s
khr5

½DH � rVr�s
½Ftf qCpðTtf 2Tref Þ�s

kqcl5
Qcl;s

½Ftf qCpðTtf 2Tref Þ�s
kP5

½FPqCpðTs2Tref Þ�s
½Ftf qCpðTtf 2Tref Þ�s

kl5
½FlqCpðTs2Tref Þ�s
½Ftf qCpðTtf 2Tref Þ�s

kw5
Ws

½Ftf qCpðTtf 2Tref Þ�s

km5
½FqCpðTm2Tref Þ�s
½RqCpðTcp2Tref Þ�s

kh5
½FqCpðTh2Tref Þ�s
½RqCpðTcp2Tref Þ�s

kcl5
½FqCpðTcl2Tref Þ�s
½RqCpðTcp2Tref Þ�s

ksp5
½RqCpðTsp2Tref Þ�s
½RqCpðTcp2Tref Þ�s

kc5
½FqCpðTc2Tref Þ�s

Qrec;s
kf 5
½FqCpðTf 2Tref Þ�s

Qrec;s

kr5
½FqCpðTr2Tref Þ�s

Qrec;s

and Oð1Þ scaled energy flows

utf 5
Ftf qCpðTtf 2Tref Þ
½Ftf qCpðTtf 2Tref Þ�s

uhf 5
Fhf qCpðThf 2Tref Þ
½Fhf qCpðThf 2Tref Þ�s

utr5
FtrqCpðTtr2Tref Þ
½FtrqCpðTtr2Tref Þ�s

uqf 5
Qf

Qf ;s

uhr5
DH � rVr

½DH � rVr�s
uqcl5

Qcl

Qcl;s

uP5
FPqCpðTs2Tref Þ
½FPqCpðTs2Tref Þ�s

ul5
FlqCpðTs2Tref Þ
½FlqCpðTs2Tref Þ�s

uw5
W

Ws
ucp5

RqCpðTcp2Tref Þ
½RqCpðTcp2Tref Þ�s

um5
FqCpðTm2Tref Þ
½FqCpðTm2Tref Þ�s

uh5
FqCpðTh2Tref Þ
½FqCpðTh2Tref Þ�s

ucl5
FqCpðTcl2Tref Þ
½FqCpðTcl2Tref Þ�s

usp5
RqCpðTsp2Tref Þ
½RqCpðTsp2Tref Þ�s

uqrec 5
Qrec

Qrec ;s
uc5

FqCpðTc2Tref Þ
½FqCpðTc2Tref Þ�s

uf 5
FqCpðTf 2Tref Þ
½FqCpðTf 2Tref Þ�s

ur5
FqCpðTr2Tref Þ
½FqCpðTr2Tref Þ�s

The energy dynamics equations in 2 thus become

Figure 3. Energy representation of the reaction part of
the HDA process.

Table 1. Summary of Orders of Magnitude of the Energy

Flows of the HDA Process Reaction Part

Energy Flow mCpT(kW) Order of Magnitude

h1 6676 Oð1=e1Þ
h2 33183 Oð1=e2Þ
h3 33746 Oð1=e2Þ
h4 36036 Oð1=e2Þ
h5 10102 Oð1=e1Þ
h6 8249 Oð1=e1Þ
h7a 4993 Oð1=e1Þ
h7b 1996 Oð1Þ
h7c 688 Oð1Þ
h8 5642 Oð1=e1Þ
d1a 523 Oð1Þ
d1b 179 Oð1Þ
d1c 331 Oð1Þ
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dTm
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5
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5
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5
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e1

1kwuw

� �
(3)

or, equivalently, in a vector form

dT

dt
5
X2

i50

1

ei
Figi (4)

with

T5½Tm;Tc; Tf ; Tr;Th; Tcl;Ts;Tcp�T

F05
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2
6666666666664
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where I is the identity matrix, and 0 is a matrix with all
entries equal to 0.

Note that Eq. 4 suggests possibly three-time scale energy
dynamics. We follow a sequential application of singular per-
turbations for deriving approximate models in each time scale.

Let us define the fast time scale s25t=e2. Substituting this
into Eq. 3 and taking the limit e2 ! 0, we obtain the
description of the energy dynamics in the fast time scale

dT

ds2

5F2g2 (5)

We note that only the temperatures of the FEHE, the fur-
nace and the reactor evolve in the fast time scale (i.e.,
T25fTc; Tf ; Tr;Thg). From Eq. 5, we identify the quasi-steady
state constraints, g250, and it can be verified that these equa-
tions are not linearly independent. Thus, we take a linearly
independent subset ~g2, which is defined by g25B2~g2, with

B25½Ftf ðTtf 2Tref Þ�s

1=Vc 0 0

0 1=Vf 0

0 0 1=Vr

21=Vh 21=Vh 21=Vh

2
666664

3
777775

~g25

uqrec 2kcuc

kcuc2kf uf

kf uf 2krur

2
664

3
775

Now, we take the same limit e2 ! 0 in the slow time
scale t, and obtain
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dT

dt
5
X1

i50

1

ei
Figi1F2B2 lim

e2!0

~g2

e2

� �

05~g2

which describes the energy dynamics after the fast boundary
layer. The limiting terms represent the differences between
the large energy flows, which are indeterminate yet finite.
These terms can be represented by a set of algebraic varia-
bles z2 to obtain the following DAE system

dT

dt
5
X1

i50

1

ei
Figi1F2B2z2

05~g2

(6)

The algebraic variables z2 can be evaluated by differenti-
ating the constraints in Eq. 6

z252 LF2B2
~g2ð Þ21

X1

i50

1

ei
LFigi

~g2

" #
(7)

where L represents the Lie derivative, which is defined as

LfðxÞhðxÞ5Jhf

where hðxÞ is a vector, fðxÞ is a vector (or a matrix), and Jh

5 @hi

@xj

n o
is the jacobian matrix of h.

Using the solution for z2 in Eq. 7, we can rewrite Eq. 6 as
follows

dT

dt
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X1

i50

1

ei
Figi2F2B2 LF2B2

~g2ð Þ21
X1

i50

1

ei
LFigi

~g2

" #
05~g2

(8)

or, in a slightly rearranged form

dT

dt
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i50

1

ei
F̂iĝi

05~g2

(9)

where F̂i and ĝi represent the correspondingly adjusted
selector matrices and vectors, respectively, given as
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where 1 is a matrix with all entries equal to 1.
Note that the dynamic equations after the fast boundary

layer (i.e., Eq. 9) are also in a singularly perturbed form,
indicating that further model reduction can be performed.

Let us define an intermediate time scale s15t=e1. Substi-
tuting this into Eq. 9 and taking the limit e1 ! 0, we obtain
the description of the intermediate energy dynamics

dT

ds1

5F̂1ĝ1

05~g2

(10)

Note that all the temperatures evolve in this time scale.
The quasi-steady state constraints of the intermediate time
scale dynamics are identified as ĝ150, which are linearly
dependent. A linearly independent subset ~̂g1, defined as
ĝ15B1

~̂g1, is taken, with

B15½Ftf ðTtf 2Tref Þ�s

3

1

Vm
0 0 0

2

Vh

Vm

Vc1Vf 1Vr1
8qCp

UA
Vh

1

Vc1Vf 1Vr1
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UA
Vh

0 0

Vc1Vf 1Vr

Vm

Vc1Vf 1Vr1
8qCp

UA
Vh

8FqCp

UA

Vc1Vf 1Vr1
8qCp

UA
Vh

0 0

0 0
1

Vcl
0

0 0 0
1

Vsp

2
1

Vcp
2

1

Vcp
2

1

Vcp
2

1

Vcp

2
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7777777777777777777777777777777775
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~̂g 15

ucp2kmum

kmum2khuh

khuh2kclucl

kclucl2kspusp

2
664

3
775

We take the same limit e1 ! 0 in the original time scale t,
and obtain the description of the energy dynamics after the
intermediate boundary layer

dT

dt
5F̂0ĝ01F̂1B1 lim

e1!0

~̂g 1

e1

 !

05~g2

05~̂g 1

We define another set of algebraic variables z1 to repre-
sent the limiting terms, and obtain

dT

dt
5F̂0ĝ01F̂1B1z1

05~g2

05~̂g 1

(11)

z1 can be computed by differentiating the constraints in Eq. 11

z152ðLF̂1B1

~̂g 1Þ
21ðLF̂0 ĝ0

~̂g 1Þ (12)

Using the solution of Eq. 12, the description of the slow
energy dynamics is obtained

dT

dt
5F̂0ĝ02F̂1B1ðLF̂1B1

~̂g1Þ21ðLF̂0ĝ0

~̂g1Þ
05~g2

05~̂g 1

(13)

or in a rearranged form

dT

dt
5F

0

0g
0

0

05~g2

05~̂g 1

(14)

where F
0

0 and g
0
0 are the correspondingly adjusted selector

matrix and vector, respectively. The exact forms of F
0

0 and
g
0
0 are not presented here for brevity.

In summary, the energy dynamics of the FEHE, the fur-
nace and the reactor evolve over all three time scales,
whereas those of the mixer, the cooler, the separator, and the
compressor evolve in the intermediate and slow time scales.

Graph-Theoretic Analysis. Let us now proceed to the
graph-theoretic analysis. The HDA process network can be
represented as an energy flow graph G, as shown in Figure 4.
The node list is provided in Table 2. The graph reduction
framework is applied to the network using the information in
Figure 4 and Table 1 to obtain the following results.

The subgraph corresponding to the fast time scale H2,
with the largest magnitude Oð1=e2Þ flows, is shown in Fig-
ure 5a. The units evolving in this time scale are the nodes of

Figure 4. Energy flow graph of the HDA process.

Table 2. Node List of the HDA Energy Flow Graph

Normal Nodes Auxiliary Nodes

Index Unit Index Unit

1 Mixer 18 Toluene feed stream
2 FEHE-Cold 19 H2 feed stream
3 Furnace 20 Furnace source
4 Plug-flow reactor 21 Heat of reaction
5 FEHE-Hot 22 Cooler sink
6 Cooler 23 Purge stream
7 Separator 24 Compressor power input
8 Compressor 25 S-Condenser sink
9 Stabilizer (S) 26 P-Condenser sink
10 S-Condenser 27 R-Condenser sink
11 S-Reboiler 28 S-Reboiler source
12 Product column (P) 29 P-Reboiler source
13 P-Condenser 30 R-Reboiler source
14 P-Reboiler 31 Methane product stream
15 Recycle column (R) 32 Benzene product stream
16 R-Condenser 33 Diphenyl product stream
17 R-Reboiler

Figure 5. Subgraphs of the HDA reaction part energy
flow graph.
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H2, that is, T 25f2; 3; 4; 5g. This subgraph contains a proto-
type recycle, which can be simplified as a single composite
node R1. Figure 5b shows the subgraph for the intermediate
time scale H1. A subset of the units which evolve in this
time scale are given by T 15f1;R1; 6; 7; 8; 12; 13; 14g. This
subgraph has one prototype recycle which can be clustered
to form a composite node R2. Also, a prototype throughput
is identified, which is simplified as a single composite node
T1, and it is removed from the original energy flow graph G.
Lastly, the slow time scale subgraph H0 is shown in Figure
5c. The units evolving in this time scale are given as
T 05fR2; 9; 10; 11; 15; 16; 17g.

We conclude that, based on the result above, the network
is expected to exhibit three-time scale energy dynamics, and
the time scales wherein each unit evolves are summarized in
Table 3. Note that this result matches the outcome of the
detailed mathematical analysis.

The full order dynamic model equations are obtained as

dH

dt
5

1

e0

g01
1

e1

g11
1

e2

g2 (15)

with

g05h1821;s

k1821u18211k1921u19211k1621u1621

0

k2023u2023

k2124u2124

0

2k6222u6222
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k2428u2428

2
666666666666666664

3
777777777777777775

g15h1821;s
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k122u122

0

0

2k526u526

k526u5262k627u627

k627u6272k728u728

k728u7282k821u821

2
666666666666666664

3
777777777777777775

g25h1821;s

0

2k223u2231k522u522

k223u2232k324u324

k324u3242k425u425

k425u4252k522u522

0

0

0

2
666666666666666664

3
777777777777777775

where hi2j represents the energy flow from the i-th node to
the j-th node. Note that Eq. 15 has the same canonical form
as Eq. 4.

The dynamics of the reduced order model for the fast time
scale is given as

dH2

ds2

5g
0

2 (16)

with

g
0

25h1821;s

2k223u2231k522u522

k223u2232k324u324

k324u3242k425u425

k425u4252k522u522

2
666664

3
777775

where H25fH2;H3;H4;H5g. The quasi-steady state con-
straints, which are not lineary independent, are given as g

0
250.

Note that, by premultiplying Eq. 5 by FT
2 , we can rewrite Eq. 5

so that it is in the same canonical form with Eq. 16.
The intermediate time scale dynamics is given as

dH1

ds1

5g11C2B2z2

05~g
0

2

(17)

with

B25

I333

21133

2
4

3
5

C25

0134

I434

0333

2
66664

3
77775

where H15fH1;H2; . . . ;H8g. ~g
0

2, which represents a linearly

independent subset of the quasi-steady state constraints, is

given as g
0
25B2~g

0

2. z2 is a vector of algebraic variables,

given as lim e2!0 ~g
0

2=e2. The linearly dependent quasi-steady

state constraints of the intermediate energy dynamics,

g
0
15g11C2B2z250, are also given by the algorithm. It

can be shown that Eq. 17 has the same canonical form with
Eq. 6.

Table 3. Summary of Time Scale Analysis for the HDA

Process

Enthalpy

Evolution in Each Time Scale

Fast Intermediate Slow

H1 X O O
H2 O O O
H3 O O O
H4 O O O
H5 O O O
H6 X O O
H7 X O O
H8 X O O
H9 X X O
H10 X X O
H11 X X O
H12 X O X
H13 X O X
H14 X O X
H15 X X O
H16 X X O
H17 X X O
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Finally, the slow time scale dynamic model is given as

dH

dt
5g01C1B1z1

05~g
0

2

05~g
0

1

(18)

with

B15

I737

21137

2
4

3
5

C15I838

The linearly independent subset of the quasi-steady state
constraints ~g

0

1 can be defined similarly as is done in the
intermediate time scale dynamics, and z1 are algebraic varia-
bles, defined by lim e1!0 ~g

0

1=e1. Note that Eq. 18 has the
same canonical form with Eq. 11.

Finally, the controlled outputs and the potential manipu-
lated inputs available in each time scale are obtained using
the algorithm. In the fast time scale (s2), the enthalpies of
the FEHE, the furnace, and the reactor need to be controlled
(i.e., Yðs2Þ5f2; 3; 4; 5g), and all but one out of four units
can be controlled simultaneously, noting that H2 contains no
auxiliary node. Potential manipulated inputs in this time
scale include: Uðs2Þ5f2-3; 3-4; 4-5; 5-2g.

The enthalpies of the mixer, the cooler, the separator, and
the compressor as well as the total enthalpy of the FEHE-
reactor recycle loop need to be controlled in the intermediate
time scale (i.e., Yðs1Þ5f1;R1; 6; 7; 8g), and all but one out
of five can be controlled independently since, in H1, R2 does
not have any auxiliary node connected to it. The following
set of potential manipulated inputs is given: Uðs1Þ5
f1-2; 6-7; 7-8; 8-1; 5-6g. Lastly, the total network enthalpy
needs to be controlled in the slow time scale, and this can
be achieved using any small external flow.

Based on this information, a hierarchical control strategy
can be used to control the energy dynamics of the network.

For example, it was shown that the energy dynamics of the
HDA network can be controlled using simple PI control-
lers,19 addressing different control objectives in different
time scales as summarized in Table 4. Also, the reduced

Table 5. Nominal Values of the State Variables

and the Process Parameters

Parameter Value Parameter Value

FTF 0:0033 m3=s FHF 0:0356 m3=s
FTR 9:731024 m3=s Fq 0:0034 m3=s
R 0:3087 m3=s UA 8:243105 W=K
Vm 0:1 m3 VC 14:16 m3

Vf 8:5 m3 VR 110 m3

VH 14:16 m3 Vcl 8:5 m3

Vs 8:5 m3 Vcp 8:5 m3

TTF 303 K THF 303 K
TTR 457 K Tm;s 343.91 K
TC;s 881.11 K Tf ;s 896.03 K
TR;s 940.60 K Tq;s 895.99 K
TH;s 384.45 K Tcl;s 317.55 K
Ts;s 317.55 K Tcp;s 348.71 K

Table 4. Summary of the Hierarchical Control Structure for

the HDA Process

Time Scale Controlled Output Manipulated Input

Fast T5 h522

Intermediate T6 h6222

Slow T3 h2023

Figure 6. Evolution of the furnace temperature.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 7. Evolution of the separator temperature.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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models derived above can be used to design nonlinear
model-based controllers.

Simulation Study. To further validate the results obtained
using the graph-theoretic framework, we now perform numer-
ical simulations using the equations in 2, along with the equa-
tions of the material dynamics. For simplicity, we assume that
there is no phase change in the FEHE, and the holdups of all
units are constant. Also, we assume constant heat capacity
and density. Reaction rates are computed using the expres-
sions provided in the Ref. 20. The nominal values of the state
variables and the process parameters are given in Table 5.

We consider the open-loop responses of the system by
increasing the temperature of the furnace by 1%. Figure 6
shows the evolution of the furnace temperature. We note
that the furnace temperature quickly drops and then slowly
goes back to the steady state. Also, an intermediate time
scale dynamics is observed as shown in Figure 6b. The sepa-
rator temperature increases in a slower time scale compared
to the furnace, and then returns slowly to the steady state, as
shown in Figure 7, indicating that it evolves in the interme-
diate and the slow time scales. Note that the simulation
results are consistent with the results obtained using either
the detailed mathematical analysis or the graph-theoretic
framework.

Energy-integrated solid oxide fuel cell system

Let us now consider an energy-integrated solid oxide fuel
cell (SOFC) system with an external reformer,21 as shown in
Figure 8. In this network, both the outlet streams of the
SOFC are fed to a catalytic burner to achieve complete com-
bustion of methane, carbon monoxide, and unreacted hydro-
gen. Then, the outlet stream of the burner, which is at high
temperature, provides energy to the reformer, where endo-
thermic reactions occur, and the feed streams, resulting in a
tightly integrated configuration. The energy flow graph of
the network is shown in Figure 9, and all the nodes are listed
in Table 6. The various energy flows of the network span a
wide range of values from 0.256 to 49.098 kW. The orders
of magnitude of the energy flows are determined following a
similar procedure used in the previous example, as summar-
ized in Table 7. e1 and e2 are small parameters

Figure 8. Energy-integrated SOFC system.

Figure 9. Energy flow graph of the energy-integrated
SOFC system.

Table 6. Node List of the Energy-Integrated SOFC System

Index Unit Index Unit

Normal Nodes
1 HE1-Cold 14 Splitter 2
2 HE1-Hot 15 HE5-Cold
3 HE2-Cold 16 HE5-Hot
4 HE2-Hot 17 HE6-Cold
5 Mixer 1 18 HE6-Hot
6 HE3-Cold 19 Mixer 3
7 HE3-Hot 20 Splitter 3
8 Splitter 1 21 SOFC anode
9 HE4-Cold 22 SOFC cathode
10 HE4-Hot 23 Mixer 4
11 Steam reformer (SR) 24 Catalytic burner (CB)
12 SR jacket 25 HE7-Cold
13 Mixer 2 26 HE7-Hot
Auxiliary Nodes
27 Water feed stream 31 CB energy input
28 Methane feed stream 32 SOFC anode heat

of reaction
29 Air feed stream 33 SOFC cathode heat

of reaction
30 HE1 sink
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(e2 � e1 � 1), which are the ratios of the energy input
through the methane feed to the energy input through the air
feed and the energy of the catalytic burner outlet stream,
respectively.

We apply the graph-theoretic reduction to the network
using the information in Figure 9 and Table 7 as inputs. The
graph-theoretic algorithm checks the feasibility of the net-
work, based on the energy balance around all the normal
nodes as well as the composite nodes. Specifically, the high-
est order of magnitude among the edges entering the node N
should match with the highest order of magnitude among the
edges leaving the node N to have a feasible energy flow
structure around the unit N. In this case, the energy flow
structure around the recycle, consisting of nodes 24-18-16-
16-12-13-7-10-9-17-19-20-22-23, is infeasible as the recycle
has an energy output of Oð1=e2Þ, but no energy input of
Oð1=e2Þ. This infeasibility may originate from either inap-
propriately determined orders of magnitude or no clear seg-
regation of energy flows. To determine which is the case, we
remove the energy feasibility check and apply the algorithm
again.

Figure 10a shows the subgraph corresponding to the fast
time scale. The units evolving in this time scale are:
T 25f2; 4; 7; 9; 10; 12; 13; 14; 16; 17; 18; 19; 20; 22; 23; 24; 26g. A
prototype recycle is identified, and can be simplified as a
single composite node R1. Also, a prototype throughput is
identified and clustered to form a composite node T1. The
composite node T1 is then removed from the original energy
flow graph. The subgraph of the intermediate time scale is
shown in Figure 10b. A set of units evolving in this time
scale is identified as: T 15f1; 3; 5; 6; 8; 11; 15; 21g. Lastly,
the slow time scale subgraph is shown in Figure 10c. The
following unit evolves in this time scale: T 05f25g.

We note that the composite node R1 has one energy output
of Oð1=e2Þ (i.e., 10–26) and several energy inputs of Oð1=e1Þ
(e.g., 33-22, 21–24). Although none of these energy inputs is
of Oð1=e2Þ, the sum of the energy content of the inputs is
comparable to the energy content of the flow 10–26, implying
that there is no clear segregation of energy flows in the
network.

We conclude that, despite the tight energy integration
throughout the network, there is no process unit with

Table 7. Summary of Orders of Magnitude of the Energy Flows of the Energy-Integrated SOFC System

Energy Flow mCpT(kW) Order of Magnitude Energy Flow mCpT(kW) Order of Magnitude

28 ! 25 0.256 O(1) 17 ! 19 27.751 Oð1=e2Þ
25 ! 5 0.447 O(1) 19 ! 20 28.627 Oð1=e2Þ
27 ! 1 1.049 Oð1=e1Þ 20 ! 22 25.764 Oð1=e2Þ
1 ! 3 1.313 Oð1=e1Þ 22 ! 23 30.768 Oð1=e2Þ
3 ! 5 1.815 Oð1=e1Þ 24 ! 18 49.098 Oð1=e2Þ
5 ! 6 2.450 Oð1=e1Þ 18 ! 16 39.934 Oð1=e2Þ
6 ! 11 3.901 Oð1=e1Þ 16 ! 14 39.722 Oð1=e2Þ
11 ! 15 4.997 Oð1=e1Þ 13 ! 7 35.217 Oð1=e2Þ
15 ! 21 5.215 Oð1=e1Þ 7 ! 10 33.821 Oð1=e2Þ
21 ! 24 6.231 Oð1=e1Þ 10 ! 26 21.441 Oð1=e2Þ
29 ! 8 8.768 Oð1=e1Þ 26 ! 4 21.163 Oð1=e2Þ
8 ! 9 7.891 Oð1=e1Þ 4 ! 2 17.195 Oð1=e2Þ
9 ! 17 19.303 Oð1=e2Þ 2 ! 30 16.710 Oð1=e2Þ

Figure 10. Subgraphs of the energy-integrated SOFC energy flow graph.
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multitime scale energy dynamics, as summarized in Table 8.
The outlet stream of the burner, which has the largest
amount of energy among all the process flows, provides
energy to other streams through seven heat exchangers and
the steam reformer, forming a pseudothroughput in the sense
that the throughput starts at a process unit, not an energy
source. The energy dynamics of the network is dominated by
this large energy throughput, hence the absence of time-scale
segregation in the energy dynamics.

Energy-Integrated Distillation Columns

Energy integration in distillation column networks has
been an active area of research, as distillation is one of the
most energy intensive processes in chemical plants, and has
resulted in various thermally coupled configurations.22 It has
been shown that the energy flow structures of such configu-
rations are combinations of energy recycles and energy
throughputs, showing a potential for multitime scale dynam-
ics.15 However, the time scale properties of such configura-
tions are not clear a priori. In what follows, we apply the
graph-theoretic analysis to two different examples of such
networks.

Vapor recompression distillation

Vapor recompression distillation (VRD) represents a typi-
cal example of energy-integrated distillation column net-
works, where the condenser and the reboiler of the same
column are thermally coupled. Let us consider the so-called
direct VRD configuration, where the recompressed vapor
stream is directly used to heat the bottom liquid stream, as
shown in Figure 11. The top vapor stream of the distillation
column is compressed in the compressor to facilitate the heat

Table 8. Summary of Time Scale Analysis for the Energy-

Integrated SOFC Process

Enthalpy

Evolution in Each Time Scale

Fast Intermediate Slow

H1 X O X
H2 O X X
H3 X O X
H4 O X X
H5 X O X
H6 X O X
H7 O X X
H8 X O X
H9 O X X
H10 O X X
H11 X O X
H12 O X X
H13 O X X
H14 O X X
H15 X O X
H16 O X X
H17 O X X
H18 O X X
H19 O X X
H20 O X X
H21 X O X
H22 O X X
H23 O X X
H24 O X X
H25 X X O
H26 O X X

Figure 11. Direct VRD (1: Distillation column, 2: Com-
pressor, 3: Combined reboiler-condenser, 4:
Trim condenser, 5: Reflux drum, and 6: Aux-
iliary cooler).

Figure 12. Energy flow graph of direct VRD.
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Table 9. Node List of VRD Energy Flow Graph

Normal Nodes Auxiliary Nodes

Index Unit Index Unit

1 �n Distillation column n 1 7 Column feed stream
n 11 Compressor n 1 8 Bottoms stream
n 1 2 RC-Condenser n 1 9 Compressor power input
n 1 3 RC-Reboiler n 1 10 Trim condenser sink
n 1 4 Trim condenser n 1 11 Distillate
n 1 5 Reflux drum n 1 12 Auxiliary cooler sink
n 1 6 Auxiliary cooler

Table 10. Summary of Orders of Magnitude of the Energy

Flows of the VRD

Energy Flow
Order of

Magnitude Energy Flow
Order of

Magnitude

i 1 1! i, 1 � i � 94 Oð1=e2Þ 100 ! 101 Oð1=e1Þ
1 ! 96 Oð1=e2Þ 101 ! 1 Oð1=e1Þ
96 ! 97 Oð1=e2Þ 104 ! 96 Oð1=e1Þ
97 ! 98 Oð1=e2Þ 99 ! 105 Oð1=e1Þ
98 ! 95 Oð1=e2Þ 101 ! 107 Oð1=e1Þ
i ! i 1 1, 1 � i � 94 Oð1=e1Þ 99 ! 100 Oð1Þ
95 ! 98 Oð1=e1Þ 102 ! 48 Oð1Þ
96 ! 99 Oð1=e1Þ 100 ! 106 Oð1Þ
97 ! 100 Oð1=e1Þ 95 ! 103 Oð1Þ

Figure 13. Subgraphs of the VRD energy flow graph.
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transfer to the bottoms stream. Then, the majority of the
compressed vapor goes through the combined reboiler-
condenser to vaporize the bottom liquid stream. The residual
vapor is condensed using a trim condenser. An auxiliary
cooler is used to regulate the temperature of the reflux. The
energy flow structure of this network can be transformed
into an energy flow graph G as shown in Figure 12. Note
that the distillation column is represented by n separate
nodes each of which corresponds to each tray of the distilla-
tion column with nf being the feed tray. All the nodes of the
energy flow graph are listed in Table 9. The following
aspects of this process lead to the segregation in the energy
flows:

1. The molar flow rates of the distillate and the bottoms
stream are much smaller compared to those of the reflux and
the top vapor stream (i.e., there is segregation in the material
flows), which results in a difference in the enthalpy content
of these streams.

2. The partial molar enthalpy of vapor streams is much
larger than the partial molar enthalpy of liquid streams, that
is, the latent heat recovered through the combined reboiler-
condenser is much larger than the sensible heat of any other
energy flow.

In the previous study,23 a detailed mathematical reduc-
tion using singular perturbations was performed, and three-
time scale dynamics was documented, with the energy
dynamics evolving in the fast and the intermediate time
scales and the material dynamics evolving in the intermedi-
ate and the slow time scales. For illustration, we consider a
column with n 5 95 and nf 5 47, and we use the order of
magnitude information provided in the Ref. 23, summarized
in Table 10.

We apply the proposed graph reduction framework to
this network, using the information in Figure 12 and Table
10, focusing on the energy dynamics only. The resulting
subgraphs are shown in Figure 13. Figure 13a shows the
subgraph H2 for the energy flows with the largest
magnitude Oð1=e2Þ (corresponding to the fast time scale).
The units evolving in the fast time scale are
T 25f1; 2; . . . ; 97; 98g. This subgraph contains one proto-
type recycle and can be simplified to obtain a single com-
posite recycle node R1. Figure 13b shows the subgraph H1

for the energy flow with the intermediate magnitude Oð1=
e1Þ (corresponding to the intermediate time scale). The
units evolving in the intermediate time scale are
T 15fR1; 99; 100; 101g. Note that the composite node R1 is
included in the intermediate time scale, implying that the
total enthalpy of the recycle (i.e., H11H21 � � �1H971H98)
evolves in the intermediate time scale. A prototype recycle
is identified, and can be clustered to form a single compos-

ite recycle node R2. Subsequently, a prototype throughput,
which can be replaced by a composite throughput node T1,
is identified, and removed from the energy flow graph
before we proceed to the slow time scale. Figure 13c
shows the subgraph H0 for the energy flow with the small-
est magnitude Oð1Þ (corresponding to the slow time scale).
Note that this graph contains only the auxiliary nodes and
the small energy flows, implying that no enthalpy evolves
in this time scale.

Based on the above result, this network is expected to
exhibit two-time scale energy dynamics as summarized in
Table 11. The canonical forms of the dynamic equations of
the original and the reduced models are also obtained. The
original model is given as

dH

dt
5g01

1

e1

g11
1

e2

g2 (19)
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2
666666666666666666666666666664

3
777777777777777777777777777775

Table 11. Summary of Time Scale Analysis for the Direct

VRD

Enthalpy

Evolution in Each Time Scale

Fast Intermediate Slow

H1 � H95 O O X
H96 O O X
H97 O O X
H98 O O X
H99 X O X
H100 X O X
H101 X O X
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g25h102248;s

2k1296u12961k221u221

2k221u2211k322u322

2k322u3221k423u423

�

2k94293u942931k95294u95294

2k95294u952941k98295u98295

2k122u1221k421u421

k1296u12962k96297u96297

k96297u962972k97298u97298

k97298u972982k98295u98295

0

0

0

2
666666666666666666666666666666664

3
777777777777777777777777777777775

ki2j in g0, g1 and g2, which are the Oð1Þ steady state
ratios, are defined as

ki2j5
hi2j;s

h821;s
;

hi2j;s

h95298;s
;

hi2j;s

h1296;s

repectively, whereas ui2j are defined as

ui2j5
hi2j

hi2j;s

where hi2j represents the energy flow from the i-th unit to the
j-th unit, and the subscript s denotes a steady state value. e1 and
e2 are small parameters, which are the ratios of the nominal
energy input through the feed stream (i.e., h821;s) to the nomi-
nal energy flow from the distillation column to the reboiler
(i.e., h95298;s) and to the compressor (i.e., h1296;s), respectively.

The fast time scale dynamics is given as

dH2

ds2

5FT
2 g25g

0

2

with

F25
I98398

03398

" #

where H25fH1;H2; . . . ;H97;H98g and s2 5 t/e2 is a stretched
fast time scale. The quasi-steady state constraints, g

0
250, are

identified as linearly dependent.
The intermediate time scale dynamics is given in DAE

form as

dH1

ds1

5g11F2B2z2

~g
0

250

with

B25
I97397

211397

" #

where H15fH1;H2; . . . ;H100;H101g. ~g
0

2 represents the subset
of linearly independent constraints given as g

0
25B2~g

0

2. z2 is a
vector of algebraic variables, defined by

lim
e2!0

~g
0

2

e2

The quasi-steady state constraints for the intermediate time
scale are identified as g11F2B2z250, which are linearly inde-
pendent. This is consistent with the fact that the energy dynam-
ics of the network does not evolve in the slow time scale.

Note that the above equations have exactly the same
canonical forms with the equations derived using the detailed
mathematical analysis within the framework of singular per-
turbations in the Ref. 23.

Remark 2. The distillation column can be represented as
a single node (instead of separate nodes for each tray) to
analyze the time scale property of the dynamics of the over-
all enthalpy of the column. In this case, we obtain one

Figure 14. Heat-integrated distillation column network
for five-component separation.

Figure 15. Energy flow graph of five-component
separation.
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equation for the dynamics of the distillation column, along
with six equations for the other process units, instead of a
set of equations which describe the energy dynamics of each
tray of the distillation column.

Also, the controlled outputs and the potential manipulated
inputs available for each time scale can be readily identified.
The enthalpies of the distillation column, the compressor,
and the combined reboiler-condenser need to be controlled
in the fast time scale (s2), and all but one out of four units
should be controlled (i.e., Yðs2Þ5f1; 2; . . . ; 97; 98g) as no
auxiliary node is connected to R1 in H2. Potential manipu-
lated inputs in this time scale include: Uðs2Þ5f1296;
221; 322; . . . ; 95294; 96297; 97298; 98295g.

The enthalpies of the trim condenser, the reflux drum, and
the auxiliary cooler as well as the total enthalpy of R1 need
to be controlled in the intermediate time scale (i.e.,
Yðs1Þ5fR1; 99; 100; 101g). The following set of potential
manipulated inputs is identified: Uðs1Þ5f96299; 972100;
992105; 1002101; 10121; 1012107; 104296g.

The reduced models obtained above can be used for deriv-
ing nonlinear model-based controllers for each time scale,
resulting in a hierarchical control strategy. Such controllers
are well suited for achieving robust transition performance of
the overall system (see the Ref. 23 for example case studies).

Heat-integrated network of distillation columns

Let us consider a distillation column network shown in
Figure 14, which was proposed as a solution to a five-

component separation problem.24 In this configuration,
four distillation columns are used, and the condensers of
the first and third columns are combined with the
reboiler of the fourth column through two process-to-
process heat exchangers (PPX1 and PPX2). The energy
flow graph of the network is shown in Figure 15. The
node list is provided in Table 12. The orders of magni-
tude of the energy flows are determined following the
information provided in the Ref. 15, and are summarized
in Table 13. We note that the energy flows of the net-
work span three different orders of magnitude. e1 and e2

are small parameters (e2 � e1 � 1), which are the ratios
of the nominal values of the energy input through the
feed stream to the energy of the reflux of the distillation
column 2, and the duty of the reboiler of the distillation
column 1, respectively

e15
h1421;s

h624;s

e25
h1421;s

h2022;s

We feed the information in Figure 15 and Table 13 to the
graph reduction algorithm. Figure 16 shows the obtained
subgraphs of the network corresponding to each time scale.
In the fast time scale subgraph, three large throughputs
(from the node 21 to the node 23, from the node 22 to the
node 24 and from the node 20 to the node 24) are identified,
and these throughputs need to be removed from the energy
flow graph before we proceed to the slower time scales as

Table 12. Node List of Five-Component Separation Energy

Flow Graph

Normal Nodes Auxiliary Nodes

Index Unit Index Unit

1 Distillation column 1 14 Feed stream
2 DC1-Reboiler 15 Product stream (A)
3 PPX1-Hot 16 Product stream (B)
4 Distillation column 2 17 Product stream (C)
5 DC2-Reboiler 18 Product stream (D)
6 DC2-Condenser 19 Product stream (E)
7 Distillation column 3 20 DC1-Reboiler source
8 DC3-Reboiler 21 DC2-Reboiler source
9 PPX2-Hot 22 DC3-Reboiler source
10 Distillation column 4 23 DC2-Condenser sink
11 PPX1-Cold 24 DC4-Condenser sink
12 PPX2-Cold
13 DC4-Condenser

Table 13. Summary of Orders of Magnitude of the Energy

Flows of Five-Component Separation Network

Energy Flow
Order

of Magnitude Energy Flow
Order of

Magnitude

2 ! 1 Oð1=e2Þ 7 ! 8 Oð1=e1Þ
1 ! 3 Oð1=e2Þ 9 ! 7 Oð1=e1Þ
5 ! 4 Oð1=e2Þ 10 ! 11 Oð1=e1Þ
4 ! 6 Oð1=e2Þ 13 ! 10 Oð1=e1Þ
8 ! 7 Oð1=e2Þ 14 ! 1 Oð1Þ
7 ! 9 Oð1=e2Þ 1 ! 2 Oð1Þ
3 ! 11 Oð1=e2Þ 3 ! 1 Oð1Þ
9 ! 12 Oð1=e2Þ 1 ! 10 Oð1Þ
11 ! 12 Oð1=e2Þ 6 ! 15 Oð1Þ
12 ! 10 Oð1=e2Þ 9 ! 16 Oð1Þ
10 ! 13 Oð1=e2Þ 8 ! 17 Oð1Þ
4 ! 5 Oð1=e1Þ 13 ! 18 Oð1Þ
6 ! 4 Oð1=e1Þ 12 ! 19 Oð1Þ

Figure 16. Subgraphs of the five-component separation energy flow graph.
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all the units in the throughput evolve in a single time scale
(fast time scale in this case). Note that all the normal nodes
are parts of at least one of three throughputs. The intermedi-
ate time scale subgraph is empty, and thus, not shown here.
Also note that, in the slow time scale subgraph, we only
have the energy flows of the smallest magnitude, and the
auxiliary nodes, implying that no unit evolves in those time
scales.

In summary, the energy dynamics of this network is
mainly driven by the large energy throughputs, with the
energy dynamics of every process unit evolving in the fast
time scale. This implies that no time scale hierarchy in the
energy dynamics exists that could be used to address energy
management. This is a common feature in such networks
due to the existence of large energy sources/sinks forming
large energy throughputs.

In the cases where we do not have multitime scale energy
dynamics, we cannot implement a hierarchical control strat-
egy as we did for the VRD and HDA examples. For such
cases, one can seek a way to decompose the network into
smaller subnetworks such that the units in the same subnet-
work interact strongly with each other, whereas the units in
different subnetworks interact weakly. Then, separate con-
trollers for each subnetwork can be designed, resulting in a
quasi-decentralized control structure.

Conclusions and Discussion

In this article, we illustrated the main features of a graph
reduction method that we have developed to analyze com-
plex energy-integrated chemical processes. Specifically,
using the connectivity information and the order of magni-
tude information as the inputs, the method can be used to
identify the time scales exhibited by the networks, to obtain
the canonical forms of the original and the reduced
dynamic models, and to classify the controlled outputs and
the potential manipulated inputs available in each time
scale.

We applied the framework to two different classes of
complex energy-integrated networks: distillation column
networks and reactor-heat exchanger networks. For each
class, we analyzed two example networks, one of which
turned out to exhibit multitime scale dynamics, whereas the
other did not. For the HDA example, we performed a
detailed mathematical analysis using singular perturbations
as the model reduction tool, as well as open-loop numerical
simulations, to validate the results obtained using the
framework. For the VRD example, we compared the results
obtained using the framework with the results documented
in the existing literature, which was obtained using a
detailed mathematical analysis within the framework of sin-
gular perturbations.

The proposed method has several advantages over a
detailed mathematical analysis. First, it is scalable and eas-
ily applicable to large complex networks. Also, the graph
theory algorithms are efficient and automated (it takes less
than a second, for all the cases, to run the algorithm on a
quad core Intel Xeon 3.2GHz 64-bit processor). Moreover,
information only on the connectivity of the network and the
orders of magnitude of the energy flows is required. The
method can be used to develop hierarchical control struc-
tures in cases with a segregation of energy flows leading to
multiple time scales, or to document that such multiplicity
does not exist.

The graph-theoretic framework that we have developed is
currently being extended to complex networks combining
energy and material integration.
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Appendix: A Graph-Theoretic Algorithm for the
Analysis of Complex Energy-Integrated Networks

Algorithm: ComplexNetworkAnalysisðG;WÞ

1. Sort W in descending order
2. for i51 to Size(W)5m do

3. l 5 W[i]
4. glðulÞ5h1;s 3 Ebalance(G, l);
5. Hl 5 InducedSubgraph(G, l)
6. T ðslÞ5 nodes 2 Hl

7. for each node N 2 Hl do

8. if N is a composite node then
9. add

P
N½k� to YðslÞ

10. else

11. add N to YðslÞ
12. end if

13. end for

14. UðslÞ5 Edges in Hl

15. C 5 SmallestElementaryCycle(Hl)
16. while C 6¼ / do

17. GraphReduce(G,C,l)
18. GraphReduce (Hl,C,l)
19. C 5 SmallestElementaryCycle(Hl)
20. end while

21. if size(RecycleTimes) 6¼ 0 then

22. DAEl5Cl2 Bl2 zl2

23. Constraintl5~gl2ðul2Þ
24. if size(RecycleTimes) >1 then

25. AddConstraintsl5
PsizeðRecycleTimesÞ

j51 DAEj

26. end if

27. end if

28. if degree(N) 50 for any node N 2 Hl then

29. Add sl to RecycleTimes
30. Add Nj to PureRecycles
31. All but 1 out of Nj should be controlled in this

time scale
32. end if

33. if degree(N) 6¼ 0 for all nodes N 2 Hl then

34. Clear RecycleTimes, PureRecycles
35. end if

36. for all node N 2 Hl such that degree(N) 6¼ 0 do

37. if N is a composite node then
38. Remove N½k� from PureRecycles
39. end if

40. Remove N from G
41. end for

42. end for

43. Energy balance equations are

44. dH
dt 5

PW½m�
l5W½1�

1
el

glðH; ulÞ
45. for all l 2 W do

46. Reduced order model in sl is

47.

dHl

dsl
5glðH; ulÞ1DAEl

05Constraintl1AddConstraintsl

48. end for

49. return T ;Y;U
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